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This paper presents an analytical solution for the response of a poroelastic medium around a laterally
loaded rigid cylinder using Biot’s consolidation theory. A plane-strain section of the cylinder-porous med-
ium system is considered and the problem is formulated in polar coordinates. Expressions for the pore
ﬂuid pressure, stresses and displacements in the Laplace domain are derived analytically. The inverse
of the Laplace transform is evaluated numerically using an efﬁcient scheme. Curves showing decay of
the pore ﬂuid pressure with time, the corresponding change in mean effective stress and the variation
of displacement, are plotted in non-dimensional form.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
Consolidation is the process of the dissipation of pore ﬂuid pres-
sure through a porous skeleton following a change in the state of
stress. The study of consolidation of a fully saturated porous elastic
medium under one-dimensional conditions may be attributed to
Terzaghi (1923). In Terzaghi’s formulation, the consolidation is as-
sumed to take place without changes in total stress. Biot (1941)
developed a poroelasticity theory in which the full interaction be-
tween skeleton and pore ﬂuid is included in the formulation. Sev-
eral modiﬁcations and developments have been made to the
poroelasticity theory. A list of principal contributions to this sub-
ject can be found in Schiffman (1984), De Boer (2000), Schreﬂer
(2002) and Selvadurai (2007).
In this paper, we present a Biot coupled consolidation analysis
of a rigid cylinder deeply embedded in an isotropic elastic med-
ium of inﬁnite extent and subjected to a lateral load. The solution
is relevant to the consolidation around a shaft of a laterally
loaded pile foundation, even though the latter will be affected
by three-dimensional ﬂow and displacement. The analysis consid-
ers a plane-strain section of the cylinder-porous medium system
restricting displacements and ﬂow to two dimensions. It will be
demonstrated later that this solution, based on planar conditions,ll rights reserved.
x: +44 191 334 2390.
.S. Osman), randolph@civil.shows good consistency with results from three-dimensional ﬁ-
nite element analysis of a laterally loaded pile.
The reference stresses and the pore ﬂuid pressure before load-
ing the cylinder are taken to be zero. The classical sign convention
in poroelasticity is adopted where tensile stresses and strains are
taken to be positive and a pore pressure, p, corresponds to an iso-
tropic stress level of dijp, where dij is the Kronecker delta.2. Governing equation for consolidation
If it is assumed that the porous skeleton is elastic and obeys
Hooke’s law and the pore ﬂuid ﬂow through the pore space follows
Darcy’s law, then the consolidation can be described by Biot’s the-
ory of consolidation (Biot, 1941). In polar coordinates (r,h), the par-
tial differential equations governing the displacements and pore
ﬂuid pressure for both a mechanically and hydraulically isotropic
porous skeleton and incompressible constituents (i.e. pore ﬂuid
and soil particles) take the form:
G r2ur  urr2 
2
r2
ouh
oh
 
þ ðkþ GÞ oe
or
 op
or
¼ 0 ð1Þ
G r2uh  uhr2 þ
2
r2
our
oh
 
þ ðkþ GÞ1
r
oe
oh
 1
r
op
oh
¼ 0 ð2Þ
jr2p ¼ oe
ot
ð3Þ
where the Laplacian operator r2 ¼ 1r oor r oor
 þ 1r2 o2oh2 in polar coordi-
nates, k and G are Lamé’s constants for the porous elastic skeleton
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ratio, m, and shear modulus, G); j denotes the permeability ex-
pressed as j = k/cw where k is the conventional Darcy permeability
coefﬁcient (hydraulic conductivity) and cw is the unit weight of the
pore ﬂuid, p is the pore ﬂuid pressure, ur and uh are the radial and
the circumferential displacements, respectively, and e is the dilation
(change in volumetric strain):
e ¼ 1
r
o
or
rurð Þ þ 1r
ouh
oh
ð4Þ
Eqs. (1) and (2) may be combined by multiplying Eq. (1) by r then
differentiating with respect to r, and then adding the result to Eq.
(2) after ﬁrst differentiating it with respect to h. After some manip-
ulation, and dividing through by r, we obtain:
r2ððkþ 2GÞe pÞ ¼ 0 ð5Þ
The boundary value problem can be formulated by treating the dis-
placement components and pore pressure as dependent variables. It
is well established in poroelasticity theory that the use of special
displacement and stress functions and representations can result
in a reduction in the number of dependent variables (Biot, 1956;
De Josselin de Jong, 1957; McNamee and Gibson, 1960a,b, Verruijt,
1971; Selvadurai, 2007). If v is any arbitrary biharmonic function of
r and h, we can write:
r2ððkþ 2GÞe pÞ ¼ r2r2v ¼ 0 ð6Þ
Thus, p can be expressed by:
p ¼ ðkþ 2GÞer2v ð7Þ
The ﬁrst term is associated with the volume change of the poro-
elastic medium during the consolidation process, while the sec-
ond term is independent of the change of volumetric strain e
and thus governs the pore ﬂuid pressure before the start of the
consolidation.
Now let us deﬁne:
p ¼ p1 þ p2
ur ¼ ur1 þ ur2
uh ¼ uh1 þ uh2
ð8Þ
Eqs. (1)–(3) can be solved if the following conditions are
satisﬁed:
p1 ¼ ðkþ 2GÞe
e ¼ 1
r
o
or
rur1ð Þ þ 1r
ouh1
oh
ouh1
oh
þ r o
2uh1
oroh
¼ o
2ur1
oh2
r
ouh1
or
þ r2 o
2uh1
or2
 uh1 ¼ r o
2ur1
oroh
 our1
oh
ð9Þ
p2 ¼ r2v
e ¼ 0
G r2ur2  ur2r2 
2
r2
ouh2
oh
 
þ o
or
r2v ¼ 0
G r2uh2  uh2r2 þ
2
r2
our2
oh
 
þ o
roh
r2v ¼ 0
ð10Þ
Eq. (9) can be solved by deﬁning the displacement function / as:
ur1 ¼ o/or uh1 ¼
1
r
o/
oh
p1 ¼ ðkþ 2GÞr2/ ð11ÞThe total stresses are then given by:
rr1 ¼ 2G our1or
 
þ ke p1 ¼ 2G
o2/
or2
r2/
 !
rh1 ¼ 2G ur1r þ
1
r
ouh1
oh
 
þ ke p1 ¼ 2G
o2/
r2oh2
þ o/
ror
r2/
 !
srh1 ¼ 2G 12
1
r
our1
oh
þ ouh1
or
 uh1
r
  
¼ 2G o
2/
roroh
 o/
r2oh
 !
ð12Þ
The governing equation for / is:
cr4/ ¼ o
ot
r2/ ð13Þ
where c is the coefﬁcient of consolidation:
c ¼ jðkþ 2GÞ ð14Þ
It should be noted that the displacement function / is consistent
with that introduced by McNamee and Gibson (1960a) to solve con-
solidation problems for a half-space or a ﬁnite layer in plane-strain
or with axisymmetry.
The displacements ur2 and uh2 in Eq. (10) are obtained from the
biharmonic function v. It should be noted that Eq. (10) implies zero
volume change (undrained conditions). The solution of Eq. (10) can
be obtained using Airy’s stress function w such that:
v ¼ w
2
ð15Þ
The total stresses associated with zero volume change are derived
from Airy’s stress function as follows:
rr2 ¼ 1r
ow
or
þ 1
r2
o2w
oh2
rh2 ¼ o
2w
or2
srh2 ¼  oor
1
r
ow
oh
  ð16Þ
where rr, rh, srh are the radial, tangential, and shear stresses,
respectively.
The relation between the total stresses and strains associated
with zero volume change are given by:
er2 ¼ 14G ðrr2  rh2Þ
eh2 ¼ 14G ðrh2  rr2Þ
erh2 ¼ 12G srh2
ð17Þ
where er, eh, erh are the radial, tangential, and shear strains.
The displacements can then be obtained by integrating the
strains:
ur2 ¼
Z
er2 dr ð18Þ
uh2 ¼
Z
ðreh2  ur2Þdh ð19Þ3. Boundary conditions
It could be assumed that at some radial distance R away from a
rigid cylinder of radius r0 (R r0), the displacements and the pore
ﬂuid pressure is never more than negligibly small. The analytical
0Fig. 1. Nomenclature for a rigid cylinder under lateral load.
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(Fig. 1) without which inﬁnite displacements would result. Hence
ur ¼ 0 at r ¼ R ð20Þ
uh ¼ 0 at r ¼ R ð21Þ
The axial component (in the direction of the applied force F) of trac-
tions acting on any circumference which encloses the rigid cylinder
and centred about its origin is given by:Z 2p
0
r rr cos h srh sin hð Þdhþ F ¼ 0 ð22Þ
If the cylinder is taken to be fully-bonded to the surrounding elastic
medium, then the relation between the radial and the circumferen-
tial components of the displacements at the interface between the
rigid cylinder and the elastic medium is governed by:
ur sin hþ uh cos h ¼ 0 at r ¼ r0 ð23Þ
The pore ﬂuid pressure can be assumed to vanish at the outer radius
R:
p ¼ 0 at r ¼ R ð24Þ
For an impermeable cylinder:
op
or
¼ 0 at r ¼ r0 ð25Þ4. Solution of the governing equations for functions / and w
The displacements resulting from translation of a circular rigid
disk can be expressed in polar coordinates as:
urðr; h; tÞ ¼ ur ðr; tÞ cos h
uhðr; h; tÞ ¼ uhðr; tÞ sin h
ð26Þ
Therefore, the displacement function / can be written as:
/ðr; h; tÞ ¼ /ðr; tÞ cos h ð27Þ
Applying Laplace transformation to Eq. (13) gives:
r2 r2/^ s
c
/^
 
¼ 0 ð28Þwhere
f^ ðsÞ ¼
Z 1
0
estf ðtÞdt ð29Þ
By substituting Eq. (27) in Eq. (28), it can be shown that:
/^ ¼ AI1ðqrÞ þ BK1ðqrÞ½  cos h ð30Þ
where
q ¼
ﬃﬃﬃﬃﬃﬃﬃ
s=c
p
where I1 and K1 are modiﬁed Bessel function of ﬁrst and of second
kind, respectively, and the coefﬁcients A and B are determined from
the boundary conditions.
A general solution of Airy’s stress function w is obtained by
Michell (1899):
w ¼ a0 ln r þ b0r2 þ c0r2 ln r þ d0r2hþ e0h
þ a1r þ b1r3 þ c1r þ d1r ln r
 
cos hþ j1rh cos h
þ e1r þ f1r3 þ g1r þ h1r ln r
 
sin hþ k1rh sin h
þ
X1
n¼2
anrn þ bnrnþ2 þ cnrn þ dnrnþ2
 
cosnh
þ
X1
n¼2
enrn þ fnrnþ2 þ gnrn þ hnrnþ2
 
sinnh ð31Þ
where the coefﬁcients a0, b0, c0, etc., are determined from the bound-
ary conditions. For the above boundary conditions the solution is ob-
tained only with three terms of Eq. (31), related to coefﬁcients b1, c1,
k1 and the remaining ones are zero (Klar and Osman, 2008).
By making use of Eqs. (30) and (31) and superimposing the
expressions for displacements and stresses derived from functions
/ and w and expressing the constant of integration resulting from
Eq. (18) as Ccosh to be consistent with Eq. (26); the expressions for
pore pressure, total stresses and displacements in Laplace domain
are given by:
p^ ¼ q2ðkþ 2GÞ AI1ðqrÞ þ BK1ðqrÞ½   4b1r  k1r
 
cos h ð32Þ
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q
r
AI0ðqrÞ  BK0ðqrÞ½ 

þb1r  c1r3 þ
k1
r

cos h ð33Þ
r^h ¼  2 G 2r2 þ q
2
 
AI1ðqrÞ þ BK1ðqrÞ½   Gqr AI0ðqrÞ  BK0ðqrÞ½ 

3b1r  c1r3

cos h ð34Þ
s^rh ¼ 2 2Gr2 AI1ðqrÞ þ BK1ðqrÞ½   G
q
r
AI0ðqrÞ  BK0ðqrÞ½ 

þb1r  c1r3

sin h ð35Þ
u^r ¼  12G
2G
r
AI1ðqrÞ þ BK1ðqrÞ½   2Gq AI0ðqrÞ  BK0ðqrÞ½ 

þb1r2  c1r2  k1 lnðrÞ  2CG

cos h ð36Þ
u^h ¼  12G
2G
r
AI1ðqrÞ þ BK1ðqrÞ½   3b1r2  c1r2

þk1½1þ lnðrÞ þ 2CG

sin h ð37Þ
By substituting Eqs. (32)–(37) in the six boundary conditions (Eqs.
(20), (21) and 23, 24, 25), the coefﬁcients A, B, b1, c1, k1 and C are
found from the following expression:
A
B
b1
c1
k1
C
0
BBBBBBBB@
1
CCCCCCCCA
¼ K1
0
0
F=s
0
0
0
0
BBBBBBBB@
1
CCCCCCCCA
ð38Þ
whereK ¼
qI0ðqRÞ  I1ðqRÞR qK0ðqRÞ  K1ðqRÞR R
2
2G
1
2GR2
lnðRÞ
2G 1
 I1ðqRÞR  K1ðqRÞR 3R
2
2G
1
2GR2
 12G lnðRÞ2G 1
0 0 0 0 2p 0
qI0ðqr0Þ  2I1ðqr0Þr0 qK0ðqr0Þ 
2K1ðqr0Þ
r0
r20
G
1
Gr20
 12G 0
ðkþ 2GÞq2I1ðqRÞ ðkþ 2GÞq2K1ðqRÞ 4R 0  1R 0
ðkþ 2GÞq3I0ðqr0Þ  ðkþ2GÞq
2I1ðqr0Þ
r0
ðkþ 2GÞq3K0ðqr0Þ  ðkþ2GÞq
2K1ðqr0Þ
r0
4 0 1
r20
0
0
BBBBBBBBBBBB@
1
CCCCCCCCCCCCA5. Inversion of transformation
The pore pressure, stresses and displacements in the time-do-
main can then be evaluated by taking the inverse of Laplace trans-
form, which can be deﬁned as:
f ðtÞ ¼
Z aþi1
ai1
est f^ ðsÞds ð39Þ
where a is a vertical contour in the complex plane chosen such that
all the singularities of the transform are to the left of it.
In this paper, the complex integration of Eq. (39) is carried out
numerically using the efﬁcient algorithm of Abate and Valkó(2004) which is an improvement of the numerical scheme of Talbot
(1979).
6. Results and discussion
Any analytical solution for consolidation around a laterally
loaded cylinder must be applied over a wide range of geometries
and material properties. It is helpful to form dimensionless groups
of relevant parameters, rather than investigate how the solution is
affected by the variation of each individual material parameter.
Following the technique of dimensional analysis, the displacement
at any ﬁxed location can be expressed as:
u
r0
¼ f1 FGr0 ;
k
G
;
R
r0
;
ct
r20
 
ð40Þ
where the ﬁnal group is the usual non-dimensional time factor T
(Soderberg, 1962).
Since the displacement is proportional to the load for elastic
conditions, the groups containing F and u can be combined to give:
uG
F
¼ f2 kG ;
R
r0
; T
 
ð41Þ
The pore ﬂuid pressure at any ﬁxed location can be expressed as:
pr0
F
¼ f3 kG ;
R
r0
; T
 
ð42Þ
Similarly the total stress can be expressed as:
rr0
F
¼ f4 kG ;
R
r0
; T
 
ð43Þ
Theparameters used in the consolidation analysis and the resultswill
be presented in terms of the dimensionless groups shown above.
6.1. Accuracy of the proposed solution
One important factor concerning the mechanics of the classical
poroelasticity problem is that the response of the poroelastic med-
ium at the start of the consolidation processes (T = 0) and at the
completion of the consolidation (T?1) can be gleaned from theassociated solution for the elastic medium. This provides a useful
check on the accuracy of the consolidation solutions (Selvadurai,
2007). Baguelin et al. (1977) developed analytical solutions for
the problem of a laterally loaded rigid cylinder embedded in an
elastic medium. The corresponding expressions for stress and ra-
dial displacement are:
rr ¼  F2pr0
kþ G
kþ 2G
 
2kþ 3G
kþ G
 
r0
r
 1
1þ ðr0=RÞ2
r0
r
 3"
þ kþ G
kþ 3G
 
1
1þ ðR=r0Þ2
r
r0
#
cos h ð44Þ
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kþ G
kþ 2G
 
G
kþ G
 
r0
r
 1
1þ ðr0=RÞ2
r0
r
 3"
 kþ G
kþ 3G
 
3
1þ ðR=r0Þ2
r
r0
#
cos h ð45Þ
srh ¼ F2pr0
kþ G
kþ 2G
 
G
kþ G
 
r0
r
þ 1
1þ ðr0=RÞ2
r0
r
 3"
 kþ G
kþ 3G
 
1
1þ ðR=r0Þ2
r
r0
#
sin h ð46Þ
ur ¼ F8pG
kþ G
kþ 2G
 
kþ 3G
kþ G
 
ln
R
r
 2
 r0
r
 2 R2  r2
R2 þ r20
"
 k G
kþ 3G
 
R2  r2
R2 þ r20
#
cos h ð47Þ
In the case of incompressible elastic medium (zero volume change),
Eqs. (43)–(46) reduce to:
rr ¼  F2pr0
2r0
r
 1
1þ ðr0=RÞ2
r0
r
 3
þ 1
1þ ðR=r0Þ2
r
r0
" #
cos h ð48Þ
rh ¼  F2pr0
1
1þ ðr0=RÞ2
r0
r
 3
þ 3
1þ ðR=r0Þ2
r
r0
" #
cos h ð49Þ
srh ¼ F2pr0
1
1þ ðr0=RÞ2
r0
r
 3
 1
1þ ðR=r0Þ2
r
r0
" #
sin h ð50Þ
ur ¼ F8pG ln
R
r
 2
 r0
r
 2 R2  r2
R2 þ r20
 R
2  r2
R2 þ r20
" #
cos h ð51Þ
The consolidation calculations were carried out using Wolfram
MATHEMATICA 7 software. The numerical inverse of LaplaceFig. 2. Accuracy of the consolidation analysis: comparison with elastic solution at ttransformation was evaluated using the subroutine of Abate and
Valkó that is available at: http://library.wolfram.com/infocenter/
MathSource/5026/. A MATHEMATICA ﬁle demonstrating the consol-
idation calculation is submitted with this paper as additional
material.
Fig. 2 shows the short term total radial and circumferential
stresses and radial displacements along a centreline path in the
direction of the load for two sets of analyses conducted with differ-
ent geometries (R/r0 = 25 and R/r0 = 60) and material properties
(k/G = 4 and k/G = 2/3, corresponding to Poisson’s ratio m = 0.4 and
0.2). The stresses are calculated immediately after applying the lat-
eral load (at T = 106) before the pore water pressure starts to dis-
sipate. It is evident from this ﬁgure that the results from the
consolidation analysis (Eqs. (33), (34) and (36) together with Eq.
(39)) at a very small time factor are consistent with the elastic
solutions of Baguelin et al. (1977) assuming incompressible condi-
tions (Eqs. (48), (49) and (51)).
Fig. 3 shows the long term stresses in the radial and circumfer-
ential directions and the radial displacements at points located be-
tween the rigid cylinder circumference and the outer boundary of
the deformable porous medium along the direction of the loading
(h = 0). It can be seen from the ﬁgure that the stresses and dis-
placements calculated from the coupled consolidation analysis
after the dissipation of the pore ﬂuid pressure at very large time
factor (T = 104) are consistent with those evaluated from the elastic
solution (Eqs. (44), (45) and (47)).6.2. Variation of the pore ﬂuid pressure with time
Fig. 4 shows the variation of the pore ﬂuid pressure with time
factor T for a point adjacent to the cylinder (r = r0) located in the
direction of the load (h = 0). Fig. 4a shows the calculations for
three different sizes of assumed soil deformation zones: R/r0 = 60,
R/r0 = 25 and R/r0 = 10. The calculations are carried out withhe start of the consolidation (before the dissipation of the pore ﬂuid pressure).
Fig. 3. Accuracy of the consolidation analysis: comparison with elastic solution at the steady state (after the dissipation of the pore ﬂuid pressure).
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(i.e. the radius R) has insigniﬁcant effect on the magnitude and onFig. 4. Decay of pore ﬂuid pressure with time.the dissipation of the pore ﬂuid pressure with time. Fig. 4b shows
that there is a unique relation between the pore ﬂuid pressure and
the time factor T regardless of the ratio k/G. The results plotted in
Fig. 4 show that about 90% of the pore ﬂuid pressure dissipates by a
time factor T  5. About 99% of the pore ﬂuid pressure dissipates by
T  50.
6.3. Variation of stresses with time
Fig. 5a shows the variation of stresses with time for a point
adjacent to the cylinder (r = r0) located in the direction of the load
(h = 0). This ﬁgure indicates that the change in the radial stress
during the consolidation process is insigniﬁcant, as has also been
demonstrated for radially symmetric consolidation (Randolph
and Wroth, 1979). However, there is signiﬁcant change in circum-
ferential stress. The mean stress for this plane-strain problem may
be deﬁned as:
rm ¼ rr þ rh2 ð52Þ
The variation of the mean total stress with time (see Fig. 5b) is gov-
erned predominately by the change in circumferential stress.
It is also useful to investigate the variation of mean effective
stress with time during the consolidation process. For a porous
material with incompressible constituents, the mean effective
stress is deﬁned as:
r0m ¼
rr þ rh
2
þ p ð53Þ
Insight into the variation of mean effective stress with time is illus-
trated in Fig. 6a. This ﬁgure indicates there is an almost unique rela-
tion between the mean effective stress, non-dimensionalised as
ðkþ 2GÞ=ðkþ GÞ½ r0mr0=F and the time factor T regardless of the as-
sumed size of the deformation zone (R/r0) and the material property
(k/G). Comparison of Fig. 6a with Fig. 4b suggests that the change in
the mean effective stress is proportional to the change in pore ﬂuid
Fig. 5. Variation of total stresses with time.
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ium. This is demonstrated by plotting the quantity r0m  pðkþ GÞ=

ðkþ 2GÞÞr0=F in Fig. 6b, which stays essentially constant at a value
of about (k + G)/[2p(k + 2G)].
6.4. Variation of displacements with time
Fig. 7a indicates that the radial displacement, non-dimensiona-
lised as urG/F, for a given value of T varies with R/r0. Further insight
into this can be obtained by plotting just the transient component
of displacement, as shown in Fig. 7b. It may be seen that the lim-
iting values of displacement depend on R/r0. The ﬁnal displace-
ments increase with increasing R/r0. However, the time required
to reach these limiting values reduces with R/r0 since the distance
to the drainage boundary is reduced.
Fig. 8 shows that the normalised displacements, immediately
after applying the load and before the pore ﬂuid pressure starts
to dissipate, do not depend on the ratio k/G. This is consistent with
the elastic solution of Baguelin et al. (1977) in the case of incom-
pressible elastic medium (zero volume change). The transient com-
ponent of displacements increases as the ratio k/G decreases.
7. Potential application to laterally loaded pile
The coupled consolidation solution developed here is for the
planar problem of a laterally loaded embedded disc. A two-dimen-
sional approach of this sort is often taken as a representative modelfor the behaviour of the soil around the shaft of a laterally loaded
pile (e.g. Baguelin et al., 1977).
In the true three-dimensional case of a laterally loaded pile,
drainage can occur towards the ground surface at shallow depths.
The surface drainage will therefore accelerate the consolidation
process at shallow depths. In order to examine the three-dimen-
sional effects on consolidation, 3D ﬁnite element analysis using
ABAQUS ﬁnite element software was carried out for a pile of radius
r0 and a length L equal to 20r0. The three-dimensional ﬁnite ele-
ment mesh (shown in Fig. 9) comprises 10,484 second-order
continuum hexahedral (brick) elements with a total of 46,374
nodes. Displacement boundary conditions prevent out-of-plane
displacements of the vertical boundaries (i.e. the ﬂat diametrical
plane on the front face of the mesh, and around the circumference),
and the base of the mesh is ﬁxed in all three coordinate directions.
The stiffness of the pile was taken to be 106 times the stiffness
of the soil. The soil and the pile were assumed to be fully bonded.
The 3D FE analysis was carried out with k/G = 2/3 and H/GLr0 of
0.024, with the horizontal force H applied at the top of the pile
(i.e. at the ground surface). The FE analysis was carried out in
two steps. In the ﬁrst step, a load was applied and no drainage
was allowed across the boundaries of the mesh. This step estab-
lishes the initial distribution of the excess pore pressures which
will be dissipated during the second step. During the consolidation
step of the analysis, drainage was allowed to occur through the far-
ﬁeld vertical boundaries at periphery of the mesh (i.e. in the radial
direction) and through the free surface.
Fig. 6. Variation of mean effective stress with time.
A.S. Osman, M.F. Randolph / International Journal of Solids and Structures 47 (2010) 2414–2424 2421The plane-strain idealisation can be used to establish the load–
displacement curve of piles if a reasonable assumption is made on
the radial distance to the rigid boundary R. As suggested by Bagu-
elin et al. (1977), the value of R can be estimated by comparing the
3D solution to the 2D solution. Fig. 10a shows the force per unit
length F at different locations along the shaft of the pile back cal-
culated from the 3D FE analysis using Eq. (22). The values of the ra-
dial and tangential stresses at the soil-pile interface (r = r0) are
taken at the end of the consolidation process (T = 104). The back-
calculated values of F together with the corresponding radial
displacement (Fig. 10b) are then substituted in Eq. (47) and the
corresponding values of R are evaluated (Fig. 10c). It may be seen
that the deduced values of R/r0 lie mainly between 10 and 25.
Fig. 10d shows the initial pore ﬂuid pressure calculated from the
3D FE analysis immediately after applying the lateral load
(T = 106). This ﬁgure shows that the initial pore ﬂuid pressure nor-
malised as 2ppr0/F is almost constant along the shaft of the pile
with a value of about 1.0. This is consistent with the 2D results
shown in Fig. 4. This ﬁgure demonstrates that the use of a plane-
strain assumption in consolidation analysis around piles is
justiﬁed.
Fig. 11 compares the degree of displacement of the pile from
the three-dimensional ﬁnite element analysis compared with
the two-dimensional analytical solution. The lateral displace-
ment of the pile due to consolidation can be expressed in a
non-dimensional form such as that suggested by Carter and
Booker (1981):U ¼ ur  ðurÞt!0ðurÞt!1  ðurÞt!0
ð54Þ
The 3D ﬁnite element results are similar to those obtained by Taie-
bat and Carter (2001) using a discrete Fourier ﬁnite element ap-
proach. However, it should be noted that in Taiebat and Carter
(2001) drainage was allowed to occur only at the free surface. It
may be seen from the ﬁgure that the duration of the consolidation
process at different positions down the pile is well bounded by the
present solution for the limiting R/r0 of 10 and 25, as indicated pre-
viously in Fig. 10c.
Fig. 12 shows the FE results for the decay of excess pore water
pressure during consolidation for all the nodes at the soil-pile
interface between normalized depths (z/L) of 0.05 and 0.7. The ex-
cess pore water pressure is normalized by its initial value. This ﬁg-
ure shows that the 2D analytical solution can reasonably predict
the consolidation process along the shaft of the pile apart from
slight discrepancies at the ground surface and near the pile tip.
8. Conclusions
An analytical solution for the response of a laterally loaded rigid
cylinder has been derived using Biot’s poroelasticity theory. The
solution is based on a two-dimensional plane-strain idealisation.
In this solution, drainage is assumed to occur at the boundary of
the assumed zone of deformable elastic porous medium around
the rigid cylinder.
Fig. 7. Effect of the size of deformable poroelastic zone on the displacement of the cylinder.
Fig. 8. Effect of material properties on the displacement of the cylinder.
2422 A.S. Osman, M.F. Randolph / International Journal of Solids and Structures 47 (2010) 2414–2424Exact analytical solutions for pore ﬂuid pressure, stresses and
displacements in the Laplace domain are obtained using the stress
function technique. Transformation to the time-domain is evalu-
ated numerically using the ﬁxed Talbot algorithm of Abate and
Valkó (2004).
The response of the poroelastic medium at the start of the con-
solidation processes and at the completion of consolidation arefound to be consistent with the associated solution for the sin-
gle-phase elastic medium of Baguelin et al. (1977).
It was found that the assumed radius of the deformable zone
has insigniﬁcant effect on the magnitude and the rate of dissipa-
tion of the pore ﬂuid pressure at the circumference of the rigid cyl-
inder. However, it inﬂuences signiﬁcantly the displacements of the
cylinder. It was also demonstrated that, during consolidation, the
Fig. 9. 3D ﬁnite element mesh.
Fig. 10. Evaluation of equivalent 2D parameters from the 3D FE analysis.
Fig. 11. Effect of three-dimensional consolidation on the degree of displacement of a pile.
A.S. Osman, M.F. Randolph / International Journal of Solids and Structures 47 (2010) 2414–2424 2423
Fig. 12. Effect of three-dimensional consolidation on the decay of a pore ﬂuid dissipation around a pile.
2424 A.S. Osman, M.F. Randolph / International Journal of Solids and Structures 47 (2010) 2414–2424total radial stress stays approximately constant, and the change in
mean effective stress is directly proportional to the change in pore
pressure.
The solution for consolidation around an embedded cylinder in
a porous medium, as presented here, has potential for application
to study the response around the shaft of a laterally loaded pile
foundation, or an embedded pipeline, and also for consolidation
around a cylindrical (T-bar) penetrometer of much smaller aspect
ratio. Three-dimensional effects, as opposed to the planar condi-
tions assumed here, will limit the accuracy in applying the solution
to these problems but, as demonstrated in the paper, the results
based on planar conditions are remarkably close to those obtained
from a full three-dimensional analysis of consolidation around a
laterally loaded pile.
Appendix A. Supplementary data
Supplementary data associated with this article can be found, in
the online version, at doi:10.1016/j.ijsolstr.2010.05.001.
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